Abstract-This paper proposes a novel approach for camerabased modeling and control for a large class of continuous systems and the validity is confirmed by liquid sloshing experiments. It is an unsolved problem to design a model-based control in nonplanar sloshing cases. This is because the whole shape of the liquid surface is a complex curve (a set of an infinite number of points) in coordinate spaces. This paper solves this problem. First, the whole shape of the liquid surface corresponding to the output measured by a camera is a single point in a polynomial space as well as the input and the state. Second, without any physical parameter identification, input-output modeling on polynomial space, unlike existing types of modeling, captures the whole dynamics even in nonplanar sloshing cases and is linked to design of implementable controllers. Finally, in the presence of occlusion, the nonplanar sloshing is controlled well by state estimation on polynomial space without adding any image processing technology.
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I. INTRODUCTION
V ISUAL feedback will be a key technology in this century. In particular, the intersection of two technologies, control systems technology and image processing technology, has become a focus. This paper proposes a novel approach for camera-based modeling and control. The proposed approach is directly applicable to a large class of continuous systems (continuum systems) that is too difficult for existing approaches. The validity of the proposed approach is confirmed by liquid sloshing experiments, which are important in the fields of civil, chemical, aerospace engineering, and robotics and automation [1] - [3] .
Fundamental problems in modeling and control of liquid sloshings are unsolved [4] . Physical modeling [5] , [6] has been discussed to capture the whole dynamics, including the interconnection between the fluid dynamics (liquid dynamics) [7] and the mechanical dynamics (the tank dynamics, the vibration absorber dynamics, and the other structural dynamics) [8] , assuming simple boundary conditions. Physical modeling also captures the input (e.g., the driving force for the tank dynamics) in coordinate spaces (n-spaces) R n in many The authors are with the Department of Mechanical Engineering, Shinshu University, Nagano 390-0802, Japan (e-mail: satorusakai@gakushikai.jp; 11t115f@shinshu-u.ac.jp).
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Digital Object Identifier 10.1109/TCST. 2014.2309615 cases or C n in case of the Euler formula expression A exp( j ω). However, the resultant input-state signal mapping is nonlinear 1 and physical modeling is too complex for applying existing designs in nonlinear systems & control [9] , [10] even in simple boundary conditions. Without assuming simple boundary conditions, numerical modeling [11] , [12] can capture the whole dynamics, namely, the computational fluid dynamics interconnected to the mechanical dynamics forced by the input. But, it is clear that numerical modeling cannot be linked to design of implementable controllers due to the heavy computational cost.
Equivalent mechanical modeling [2] , [5] , [13] - [15] is a practical reduction from the original liquid dynamics to a mechanical dynamics in which forces and moments acting on the tank wall are equivalent to those in the original liquid dynamics. Equivalent mechanical modeling is less complex and may be linked to design of implementable controllers. For example, in planar sloshing cases [5] , the original liquid dynamics is reduced to single-pendulum dynamics [16] - [18] or mass-damper-spring dynamics [19] , [20] . Since the interconnection between these reduced mechanical dynamics and the tank dynamics generates another mechanical dynamics, equivalent mechanical modeling is not complex for applying existing designs in mechanical systems & control [21] , [22] . In addition, the designed controllers are implementable because the mechanical configuration, namely, the liquid inclination has been already measured by a level sensor in planar sloshing cases.
However, in nonplanar sloshing cases [5] , [23] , the designed controllers are not implementable. Although the original liquid dynamics is reduced to spherical pendulum dynamics or multiple-pendulum dynamics, these mechanical configurations, that is, the whole shape of the liquid surface, is not always measured by a few level sensors.
In the absence of occlusion (visual obstacles), the whole shape of the liquid surface is measured by a camera instead of a few level sensors. However, to the best of our knowledge, for control, the vertical displacements of only a few points (e.g., an edge point contacting to a tank wall) on the liquid surface are measured by image processing technology [19] . That is, a camera just plays the role of a few level sensors and the whole shape of the liquid surface is never used. This is because the whole shape of the liquid surface is a set of an infinite number of points in the coordinate space R n . If one increases the number of measured points on the liquid surface, equivalent mechanical modeling is not linked to design of implementable controllers due to the heavy computational cost again.
On the other hand, conventional input-output modeling (system identification) on coordinate space [2] , [24] , [25] R n in case of a state space expression or C n in case of a transfer function expression is almost always linked to design of implementable controllers for linear time invariant (LTI) systems. However, conventional input-output modeling cannot capture the whole dynamics because a signal mapping from the input to any liquid surface displacement corresponding to the output is strongly nonlinear on coordinate space in nonplanar sloshing cases. Indeed, nonplanar sloshing is called nonlinear sloshing even in recent works [5] and [7] .
Overall, it is an open problem to develop new type of modeling which captures the whole dynamics of both the liquid and the tank even in nonplanar sloshing cases and which is linked to design of implementable controllers. Similar problems exist in other continuous systems.
This paper proposes a novel approach to solve this problem and visual systems & control on polynomial space is introduced. Since a polynomial space is isomorphic to a coordinate space R n it is possible to execute input-output modeling (system identification) on polynomial space just as on coordinate space. This modeling is justified if a signal mapping from the input to the whole shape of the liquid surface is almost linear on polynomial space even when a signal mapping from the same input to any liquid surface displacement is strongly nonlinear on coordinate space.
It is not a main contribution of this paper to see the whole shape of the liquid surface as a polynomial (a single point in the polynomial space). This is because the whole shapes of some continuous systems [27] , [28] are already seen as the specific functions (not polynomials but the Bessel function [5] and the Riesz function [2] , etc.) from the viewpoint of dynamical systems without inputs. In a similar way, the whole shapes of other continuous systems [29] are seen as the classical Fourier series from the viewpoint of signals instead of dynamical systems.
In this paper, from the viewpoint of dynamical systems with inputs (signal mapping), not only the whole shape of the liquid surface corresponding to the output, but also the input and the state are polynomials. The output is a visible polynomial measured by a camera and the input is known and a visualizable polynomial. The state is unknown and never visualizable but exists and causes the liquid sloshings.
Without any physical parameter identification, the whole dynamics of both the liquid and the tank is captured by executing input-output modeling (system identification) on polynomial space even if the output is a high-degree polynomial in nonplanar sloshing cases caused by complex boundary conditions or the inputs. The proposed visual modeling (the input-output modeling on polynomial space) is easily linked to design of implementable controllers since it is also possible to execute existing control designs on polynomial space just as on coordinate space again. In this paper, the validity of the proposed visual modeling is confirmed by liquid sloshing experiments in the absence of occlusion at first.
In general, occlusion is an important issue in visual feedbacks. The closed-loop stability or control performance is lost in the presence of occlusion between a camera and a plant. Since the shape and size of the visual obstacles are unknown in actual control situations, their effects are difficult to be rejected by image processing technology. To solve this occlusion problem, in this paper, the camera occlusion effects are modeled as disturbances in the polynomial space and then rejected (or attenuated) by executing state estimation on polynomial space. In other words, the occlusion problem is solved by control systems technology instead of image processing technology. This is a new result and important at the intersection of the two technologies.
The rest of this paper is organized as follows. In Section II, time-varying polynomial space is reviewed. In Section III, the modeling of the liquid sloshing is numerically and experimentally discussed on polynomial space. It is confirmed that the proposed visual modeling captures the whole dynamics even in nonplanar sloshing cases. In Section IV, the control of the liquid sloshing is numerically and experimentally discussed on polynomial space. It is confirmed that the proposed visual modeling is linked to design of implementable controllers. Furthermore, the camera occlusion effects are rejected by executing state estimation on polynomial space. Finally, conclusions are drawn in Section V.
II. TIME-VARYING POLYNOMIAL SPACE
This section reviews a polynomial space in the time-varying version. Though a polynomial space is isomorphic to a coordinate space, from the viewpoint of visual systems & control, it is not relevant to identify both spaces.
Let us consider a finite dimensional space of polynomials of degree at most n−1(n ∈ N) on the real interval [a, b], which is denoted by P n−1 [a, b] . Also, let us suppose that a time-varying polynomial f (r, k) ∈ P n−1 [a, b] depends on the discrete time instant k ∈ Z + := {0} ∪ N as well as the horizontal space parameter r ∈ [a, b].
The polynomial space P n−1 [a, b] is a Hilbert space and is closed with respect to the standard addition and scalar multiplication. Furthermore, the following inner product: [a, b] and brings the completeness with respect to the inner product norm
generate a normalized orthogonal basis [30] in the order
satisfying the property
Thus, a time-varying polynomial
III. INPUT-OUTPUT MODELING ON POLYNOMIAL SPACE
In this section, a signal mapping between time-varying polynomial spaces is introduced and input-output modeling (system identification) to capture the whole dynamics is discussed numerically and experimentally.
A. Experimental Method (Modeling)
A liquid surface at the discrete time instant k is measured via the following feature extraction as an image processing technology and is modeled as an object in a polynomial space.
Let us define a Cartesian coordinate for every image in a digital camera and make each pixel center correspond to each lattice point (r, s) ∈ Z × Z. Scanning along the horizontal r -axis and the vertical s-axis, the liquid surface is measured as
where R(r, s, k), G(r, s, k), B(r, s, k) are the RGB-values of each pixel (r, s) at the discrete time instant k and r j , g j , b j ( j = 1, 2) are the corresponding thresholds as the features of the liquid whose boundary is the tank wall and the liquid surface ∂ (r, k).
By the projection theorem [26] , the liquid surface ∂ (r, k) in a Hilbert space is projected to an n y − 1th-degree polynomial as the output in the polynomial space. More precisely, based on the basis (1), the output is expressed as
via the scaling of the r -axis to match the interval [−1, 1] and the transition of the s-axis to make the horizontal surface be expressed as [0, . . . , 0] T . Consider a finite dimensional discrete time LTI system as a signal mapping between polynomial spaces and describe by
where the state x(r, k) ∈ P n x −1 [−1, 1] and the distur- 1] are the n y − 1 th-degree polynomials. The symbol • denotes operation of the linear mappings A, B, C, and D between the polynomial spaces. Remark 1: So many existing modeling and control methods (e.g., ARX, N4SID, LQG, H ∞ , and so on) are constructed on coordinate space R n . On the other hand, in abstract linear algebra, it is well known that a polynomial space P n−1 [−1, 1] is isomorphic to a coordinate space R n . That is, roughly speaking, the mathematical structure of the polynomial space P n−1 [−1, 1] and that of the coordinate space R n are the same. This fact allows us to apply the same modeling and control methods to both spaces.
Remark 2: In general, since a mapping cannot be defined before the domain and the codomain are defined, the mapping depends on the choice of the domain and the codomain. In other words, a system depends on the choice of the input space and the output space. In this sense, the proposed LTI system (3) choosing the polynomial spaces and any conventional LTI system choosing the coordinates spaces are always different objects even if the mappings A, B, C, D in the state space expression of both LTI systems have the same matrix representations.
Remark 3: In the proposed visual modeling, both the input u and the state x are polynomials as well as the output y. The output y is a visible polynomial as the liquid surface but the input u and the state x are invisible polynomials as are the disturbances v and w. Of course, the input u is not unknown and visualizable but the state x is never visualizable even in the absence of the disturbances v and w. In this sense, the existence of the state polynomial is a key of this paper. Interestingly, we can imagine and estimate that the invisible polynomial x behaves because polynomial spaces, unlike coordinate spaces, make it possible to draw the high-dimensional (more than 4-D) state directly.
To identify the matrix representation of each mapping A, B, C, D, input-output modeling (system identification) is executed on polynomial space. Single-input and single-output (SISO) models G 1 (s), . . . , G n y (s) from the input component to each output component are identified based on the auto regressive exogenous (ARX) method with the following chirp input: Table I summarizes the relations between the proposed visual modeling and the other types of modeling. Only the proposed visual modeling captures the whole dynamics of the liquid sloshing and is linked to design of implementable controllers in nonplanar sloshing cases as well as in planar sloshing cases. 2 Note that some approximation techniques make us cross the modeling and the control design in Table I . For example, an equivalent mechanical modeling and an control design in input-output/linear systems & control can be crossed via a linear approximation technique [2] . Fig. 1 shows an appearance of the experimental setup and Fig. 2 shows the system configuration. The control part is mainly constructed with a real-timed PC (Linux, (r 1 , r 2 , g 1 , g 2 , b 1 , b 2 ) = (12, 100, 12, 170, 150, 255) . The liquid surface ∂ in the example image is no longer a plane. The dots in Fig. 4 show the extracted feature and is used to calculate the output components (2). The solid line, the dashed line, and the dash-dot line show the ninth degree polynomial [y 1 , . . . , y 10 ] T , the cubic polynomial [y 1 , . . . , y 4 ] T , and the affine polynomial [y 1 , y 2 ] T , respectively. Clearly, the higher degree polynomial y better approximates the liquid surface ∂ . Fig. 5 shows the time-response of the output components y 1 , . . . , y 10 by the same input (4). Not only the planar sloshing corresponding to the components y 1 (k) and y 2 (k), but also the nonplanar sloshing corresponding to the other components y 3 (k) · · · y 10 (k) are clearly measured online. The odd-degree components, such as the linear polynomial's component y 2 and the cubic polynomial's component y 4 , are much more dominant than the even-degree components, such as the constant polynomial's component y 1 and the quadratic polynomial's component y 3 . This is due to the mass conservation of the water since every even-degree polynomial is symmetric with respect to a vertical center line. Fig. 6 shows the time-response of the norm of the output y(r, k) in case of n y = 10
B. Experimental Setup (Modeling)
C. Experimental Results and Discussion (Modeling)
by the same input (4). In Fig. 5 , every output component y m has its own peaks but the norm (5) has mainly two extremes around 60 s and around 190 s where the output components y 2 and y 4 are dominant, respectively. Thus, in the following, the output components y 1 , . . . , y 4 are used for control and the norm (5) is used for evaluation.
Figs. 7-10 show Bode plots of the identified models G m (s).
Every maximum gain for the even-degree components y 1 and y 3 is much smaller than that of the odd-degree components y 2 and y 4 .
The identified models G 2 (s) and G 4 (s) have the peak frequencies around 0.285 Hz (1.79 rad/s) and around 0.567 Hz (3.56 rad/s), respectively. Figs. 7-10 also show Bode plots of the reduced modelsḠ m (s). In the lower frequency region, both models G m (s) andḠ m (s) are very close to each other. In this paper, the higher frequency region is not of importance. G m (s) andḠ m (s) . All FIT ratios successfully achieve positive values. Also, the FIT ratios for the odd-degree components y 2 (k) and y 4 (k) are quite high. Overall, the validity of the identified models G m (s) andḠ m (s) is confirmed.
The proposed visual modeling is a new type and directly applicable to a large class of continuous systems (e.g., a vibrating nonuniform beam and a swimming fish 3 ) that are too difficult for the other types of modeling as shown in Table I . The identified model by the proposed visual modeling is quite useful as long as the input-output signal mapping can be almost linear between the polynomial spaces. 3 The input of the nonuniform beam can be the load and the output can be the whole vertical shape of the centerline. The input of the fish can be the whole horizontal shape of the centerline and the output can be the straight running velocity. First, although there is no physical parameter identification, the identified model will provide dynamical simulations and vibration absorber designs even if the camera images cannot be used for online control (such as in popular high-speed cameras). Note that a small-scale (or large-scale) setup based on the similitude law [8] using the physical parameters can equip the camera, the (laser sheet) lights, and the millers when the full scale setup does not equip them. Second, if the camera images can be used for online control, the identified model also will provide controller designs as discussed in Section IV. 
IV. VISUAL FEEDBACK IN THE PRESENCE OF OCCLUSION
In this section, the input-output modeling (system identification) on polynomial space is linked to design of implementable controllers numerically and experimentally. Furthermore, the camera occlusion effects are rejected by executing state estimation on polynomial space instead of any image processing technology.
A. Experimental Method (Control)
In general, occlusion is an important issue in visual feedbacks. The existing visual feedbacks are helped by image processing technology, which needs to assume the range of the shape and size of the visual obstacles. However, in the framework of visual systems & control on polynomial space, the camera occlusion effects can be modeled as output disturbance to be rejected by control systems technology.
In this paper, as a proposed control approach, a linear quadratic and Gaussian (LQG) controller is designed for the reduced single-input multiple-output (SIMO) model
Also, as a conventional control approach, another LQG controller is designed for the SISO modelḠ 2 (s). The conventional controllers in planar sloshing cases [5] correspond to the LQG controller for the SISO modelḠ 2 (s) because the planar sloshing is expressed as [y 1 , y 2 ] T , but the component y 1 is very small and negligible due to the mass conservation of the water as discussed in Section III.
First, in the absence of occlusion, the control performance of these approaches is experimentally compared with each other and also with that of no control approach. Second, the control performance is investigated again in the presence of occlusion which is a student's left hand and its effects are modeled as output disturbance w(r, k) expressed
Before the controls begin, the initial state is made by the following sinusoidal input for a fixed time (15.00 s) starting from a steady horizontal surface.
Condition L: A planar sloshing with a dominant y 2 (k)
Condition H: A nonplanar sloshing with a dominant y 4 (k) u(r, k) = 1.50 sin(2π0.567T sam k)e 1 (r ).
These input frequencies and amplitudes are prepared based on Bode plots shown in Figs. 7-10. Just after the above sinusoidal inputs end, the control in each approach begins. The weights of the LQG design [26] are Q f = 0.0001 × I 31 , R f = 1000, Q e = 50 000 × I 31 , R e = ones(31) for the SIMO modelḠ(s) in Fig. 13 and Q f = 0.00002 × I 8 , R f = 500, Q e = 50 000 × I 8 , R e = ones(8) for the SISO modelḠ 2 (s) where, via the balanced realization [31] keeping the controllability and observability, the SIMO modelḠ(s) is the 31-D system and the SISO modelḠ 2 (s) is the 8-D system. Note that the SIMO model in Fig. 13 is equivalent to the system of the state space expression (3). Here, the symbol ·, · X denotes the weighted inner product by the matrix X and the symbol ones(n) denotes the n × n matrix whose components are all 1. Fig. 14 shows the time-response of the input component in Condition L and Fig. 15 shows that of the input component in Condition H. The solid line with the circles shows the input for the SIMO modelḠ(s) and the solid line with the crosses shows the input for the SISO modelḠ 2 (s). No input saturations are seen since the maximum magnitude of the input component is −4.99 V just after 15.00 s for the SIMO modelḠ(s) in Condition L but is still larger than −5.0 V. Fig. 16 shows the time-response of the norm (5) in Condition L and Fig. 17 shows that of the norm (5) in Condition H. To compare the control performance, a settling time t s is introduced as the last time when the norm is <15% of the initial norm at 15.00 s when the controls begin.
B. Experimental Results and Discussion (Control)
The settling times in Fig. 16 are t s = 7.50 s by the proposed control approach, t s = 6.44 s by the conventional control approach and t s = 21.68 s by no control approach in Condition L. The proposed control approach improved the settling time by 65% compared with that by no control approach while the conventional control approach improved the settling time by 70%. In Condition L, the effectiveness of both the control approaches is confirmed.
In addition, the settling times in Fig. 17 are t s = 4.62 s by the proposed control approach, t s = 12.57 s by the conventional control approach, and t s = 12.79 s by no control approach in Condition H. The proposed control approach improved the settling time by 63% again compared with that by no control approach. However, the conventional control approach improved the settling time just by only 2.0%. In Condition H, the effectiveness of the proposed control approach is confirmed, but the conventional control approach fails.
Figs. 18-23 show the example images in Condition L and Condition H, respectively. Indeed, the planar sloshing is generated in Condition L while the nonplanar sloshing is generated in Condition H. It is confirmed that the control performance of the proposed control approach is good even in Condition H where the conventional control approach is useless. Indeed, there is few difference between the images by the conventional control approach and those by no control approach in Condition H.
In a word, the conventional control approach for the planar sloshing case does not work for the nonplanar sloshing case at all. Clearly, this is because the SISO modelḠ 2 (s) has no peaks around the input frequency 0.567 Hz in Condition H. In all, the effectiveness of the proposed control approach is confirmed in the absence of occlusion.
Figs. 24-26 show the state x(r, k) in the SIMO modelḠ(s) and the estimated statex(r, k) in the (5) is at the transient state as shown in Fig. 17 . These results imply that a state estimation on polynomial space is achieved well by the Kalman filter which is different from all the other Kalman filters [33] , [34] on coordinate space in the conventional visual feedbacks. Also, at the almost steady state in Fig. 26 , both states converge to the zero constant polynomial. That is, the origin in the polynomial space is asymptotically stabilized. The LQG design used in the experiments is justified numerically.
In Figs. 31 and 32 . Clearly, such camera occlusion effects can be modeled as the output disturbance w(r, k) which may lose the control performance at least.
However, in both Condition L and Condition H, the camera occlusion effects are successfully rejected by the same LQG controller without any modification. That is, due to the Kalman filter on polynomial space, the control performance with the camera occlusion effects is the almost same as that without occlusion. Note that no image processing technology was added to solve the occlusion problem. In all, in the presence of occlusion, the effectiveness of the proposed control approach is confirmed. The ARX method and the LQG design in this paper are just examples and various existing modeling and control methods on coordinate space are directly applicable on polynomial space.
V. CONCLUSION
This paper proposes a novel approach for camera-based modeling and control and the validity is confirmed by liquid sloshing experiments. In existing types of modeling, nonplanar sloshings are not modeled well for control because all signal mappings from the input (the driving force for the tank) to any liquid surface displacement are strongly nonlinear on coordinate space. However, in the proposed visual modeling, since the whole shape of the liquid surface is the object in a polynomial space as well as the input and the state, a signal mapping from the same input to the whole shape of the liquid surface can be almost linear, that is, the nonplanar sloshings are modeled well for control. The proposed approach will solve many modeling and control problems of a large class of continuous systems that are too difficult for existing approaches using coordinate spaces.
More precisely, first, not only the whole shape of the liquid surface corresponding to the output, but also the input and the state are introduced as time-varying polynomials. The output is a visible polynomial measured by a camera and the input is a visualizable polynomial. The state is never visualizable but exists and causes the liquid sloshing.
Second, the proposed visual modeling captures both the planar and the nonplanar sloshing cases. As long as the signal mapping between the polynomial spaces are almost linear, the mapping is identified as an LTI model which is quite useful because the identified LTI model will provide dynamical simulations and vibration absorber designs without physical parameter identification even if camera images cannot be used for online control.
Furthermore, even in the presence of occlusion, the proposed visual modeling is linked to implementable controllers. The actual liquid surface is controlled well by executing a control design and a state estimation on polynomial space without adding any image processing technology.
Although chaotic sloshing cases with overturned waves are not yet captured in this paper, so many existing modeling and control methods (e.g., ARX, N4SID, LQG, H ∞ , etc.) constructed on coordinate space are now applicable to so many continuous systems from the viewpoint of the polynomial space.
Following the proposed visual modeling in this paper, one may propose to change the space. Indeed, instead of the polynomial space, another Hilbert space, whose basis is from the Bessel functions in physical modeling, may lead to a faster control computation in the liquid sloshing problems. However, such a basis is specific to each continuous system and also needs the exact physical parameter identification which actually boils down to physical modeling. In contrast, the proposed visual modeling on polynomial space is directly applicable to a large class of continuous systems as long as the input-output signal mapping between the polynomial spaces can be almost linear. Also, there is no need of physical parameter identification. In this sense, the proposed visual modeling is robust in the presence of parameter perturbation and uncertainty such as in a vibrating nonuniform beam and a swimming fish. This paper is motivated by application. There are no theorems. Nevertheless, this paper extends the range of application of various existing modeling and control methods by a choice of the new input and output spaces (domain and codomain) without thinking any new type of controllers (mappings). The authors believe that this paper successfully highlights the original role of control systems technology.
